
Matrix formulation of induction machine equations in phase variables: 
 
 

 

 

 

 

 

 

 

 

 

 

 

 

 
               Three-phase coupled circuit representation of an induction machine 

 

Parameters: 

 

𝑅𝑠𝑠 =   

𝑅𝑠 0 0
0 𝑅𝑠 0
0 0 𝑅𝑠

                                                    𝑅𝑟𝑟 =   
𝑅𝑟  0 0
0 𝑅𝑟 0
0 0 𝑅𝑟

  

 

𝐿𝑠𝑠  =  

𝐿𝑠 −.5𝐿𝑚 −.5𝐿𝑚

−.5𝐿𝑚 𝐿𝑠 −.5𝐿𝑚

−.5𝐿𝑚 −.5𝐿𝑚 𝐿𝑠

                𝐿𝑟𝑟  =  

𝐿𝑟 −.5𝐿𝑚 −.5𝐿𝑚

−.5𝐿𝑚 𝐿𝑟 −.5𝐿𝑚

−.5𝐿𝑚 −.5𝐿𝑚 𝐿𝑟

  

 

𝐿𝑠𝑟  = 𝐿𝑚   

cos(𝜃) cos(𝜃 + 𝛾) cos(𝜃 −  𝛾)

cos(𝜃 − 𝛾) cos(𝜃) cos(𝜃 + 𝛾)
cos(𝜃 + 𝛾) cos(𝜃 − 𝛾) cos(𝜃)

                         𝐿𝑟𝑠  = 𝐿𝑠𝑟
𝑡  

 

𝑑𝐿𝑠𝑟

𝑑𝜃
 = −𝐿𝑚   

sin(𝜃) sin(𝜃 + 𝛾) sin(𝜃 −  𝛾)
sin(𝜃 − 𝛾) sin(𝜃) sin(𝜃 + 𝛾)
sin(𝜃 + 𝛾) sin(𝜃 − 𝛾) sin(𝜃)

                      
𝑑𝐿𝑟𝑠

𝑑𝜃
 = 

𝑑𝐿𝑠𝑟
𝑡

𝑑𝜃
 

                                                                      𝛾 =  
2𝜋

3

 



 
Resistance matrix :                                                        Inductance matrix : 

𝑅 =   
𝑹𝒔𝒔 𝟎
𝟎 𝑹𝒓𝒓

                                                               𝑳 =  
𝑳𝒔𝒔 𝑳𝒔𝒓

𝑳𝒓𝒔 𝑳𝒓𝒓
  

                                             
𝒅𝑳

𝒅𝜽
 =  

𝟎
𝒅𝑳𝒔𝒓

𝒅𝜽
𝒅𝑳𝒓𝒔

𝒅𝜽
𝟎

   

Variables: 
         𝑽 =   𝒗𝒂𝒔 𝒗𝒃𝒔 𝒗𝒄𝒔 𝟎 𝟎 𝟎 t 

              𝑰 =   𝒊𝒂𝒔 𝒊𝒃𝒔 𝒊𝒄𝒔 𝒊𝒂𝒓𝒊𝒃𝒓𝒊𝒄𝒓 
t 

where  𝒗𝒂𝒔 = 𝑽𝒔𝐜𝐨 𝐬 𝝎𝒐𝒕  ;  𝒗𝒃𝒔 = 𝑽𝒔𝐜𝐨 𝐬 𝝎𝒐𝒕 − 𝜸  ;   𝒗𝒄𝒔 = 𝑽𝒔𝐜𝐨 𝐬 𝝎𝒐𝒕 + 𝜸   
 
Constitutive flux-current relations:      𝝀 = 𝑳𝑰 
 
Electrical system equations:  

𝑽 = 𝑹𝑰 +
𝒅𝝀

𝒅𝒕
= 𝑹𝑰 +

𝒅 𝑳𝑰 

𝒅𝒕
 

                         =  𝑹 + 𝝎𝒎
𝒅𝑳

𝒅𝜽
 𝑰 + 𝑳

𝒅𝑰

𝒅𝒕
  

 
Electromagnetic torque:   

𝑻𝒆 =  
𝝏𝑾𝒎

𝜹𝜽𝒎𝒆𝒄
=  

𝒑

𝟐

𝟏

𝟐

𝝏

𝝏𝜽
(𝑰𝒕𝑳𝑰) =

𝒑

𝟒
 𝑰𝒕

𝒅𝑳

𝒅𝜽
𝑰            where 𝑊𝑚 = magnetic co-energy 

              

Mechanical system equations:  

𝑻𝒆 = 𝑱
𝒅𝝎𝒎𝒆𝒄 

𝒅𝒕
+ 𝑩𝒎𝝎𝒎𝒆𝒄 + 𝑻𝑳          ;      𝜽 =

𝒑

𝟐
𝜽𝒎𝒆𝒄     

 𝝎𝒎 =
𝒅𝜽

𝒅𝒕
 

 
Nomenclature: 
𝑹𝒔 = Stator resistance [Ohm]                                               𝑽𝒔  =  Peak phase voltage [V]  
𝑹𝒓 = Rotor resistance [Ohm]                                                𝝎𝒐 =  Base frequency [rad/s]                 
𝑳𝒔𝒍 = Stator leakage inductance [H]                                      𝑱    =  Moment of inertia [kg.m2] 
𝑳𝒓𝒍 = Rotor leakage inductance [H]                                     𝑩𝒎 =  Frictional coefficient 
𝑳𝒎 = maximum single-phase mutual inductance               𝒑   =  Number of poles 
          between stator and rotor phase [H]                         𝝎𝒎 =  Rotor speed [electrical rad/s]                          

       =  
𝟐

𝟑
 magnetizing (3-phase) inductance                          𝜽    =  Rotor position [rad] 

𝑳𝒙𝒚 =  𝑳𝒎𝒄𝒐𝒔(𝜽𝒙𝒚)  
        = Mutual inductance between a stator and a rotor phase  


